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TWO PREDUALITIES AND THREE OPERATORS OVER ANALYTIC
CAMPANATO SPACES
JIANFEI WANG AND JIE XIAO
Abstract. This article is devoted to not only characterizing the first and second pred-
uals of the analytic Campanato spaces (CAp) on the unit disk, but also investigating
boundedness of three operators: superposition (Sφ); backward shift (Sb); Schwarzian
derivative (S), acting on CAp.
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1. Introduction
From now on, D and T respectively represent the unit disk and the unit circle in the
finite complex plane C. For p ∈ (−∞,∞), CAp denotes the Campanato space of all
analytic functions f : D→ C with radial boundary values f on T obeying
‖ f ‖CAp,∗ = sup
I⊆T
√
|I|−p
∫
I
| f (ξ) − fI |2|dξ| < ∞,
where the supremum is taken over all sub-arcs I ⊆ T with |I| being their arc-lengths, and
|dξ| = |deiθ| = dθ
|I| = (2π)−1
∫
I |dξ|
fI = (2π|I|)−1
∫
I f (ξ) |dξ|
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Obviously, ‖ · ‖CAp,∗ cannot distinguish between any two CAp functions differing by a
constant, but
‖ f ‖CAp = | f (0)| + ‖ · ‖CAp,∗
defines a norm so that CAp is a Banach space. The following table tells us that how CAp
looks like (see, e.g. [29, 30, 31] and their references):
Index p Analytic Campanato Space CAp
p ∈ (−∞, 0] Analytic Hardy space H2
p ∈ (0, 1) Holomorphic Morrey space H2,p
p = 1 Analytic John-Nirenberg space BMOA
p ∈ (1, 3] Analytic Lipschitz space A p−1
2
p ∈ (3,∞) Complex constant space C
Similarly, the little (or vanishing) analytic Campanato space CA0,p consists of all func-
tions in CAp satisfying
lim
|I|→0
|I|−p
∫
I
| f (ξ) − fI |2|dξ| = 0.
In particular, one has
Index p Little Analytic Campanato Space CA0,p
p ∈ (−∞, 0] Analytic Hardy space H2
p ∈ (0, 1) Little Holomorphic Morrey space H2,p0
p = 1 Analytic Sarason space VMOA
p ∈ (1, 3] Little Analytic Lipschitz space A0, p−12
p ∈ (3,∞) Complex constant space C
According to [29, 30, 34], if
(p, a, z) ∈ (0, 2) × D × D;
σa(z) = a−z1−a¯z ;
E( f , a) = (1 − |a|2)1−p ∫
D
| f ′(z)|2(1 − |σa(z)|)dm(z).
then not only the following are equivalent:
• f ∈ CAp;
• | f ′(z)|2(1 − |z|2)dm(z) is a bounded p-Carleson measure;
• | f ′(z)|2(1 − |σa(z)|)dm(z) is a bounded p-Carleson measure;
• ‖| f ‖|CAp,∗ = sup
a∈D
[E( f , a)] 12 < ∞,
but also the following are equivalent:
• f ∈ CA0,p;
• | f ′(z)|2(1 − |z|2)dm(z) is a compact p-Carleson measure;
• | f ′(z)|2(1 − |σa(z)|)dm(z) is a compact p-Carleson measure;
• ‖| f ‖|CAp,∗ < ∞ & lim|a|→1 E( f , a) = 0.
In the above and below, we say that a nonnegative measure µ on D is a bounded or
compact (0,∞) ∋ p-Carleson measure provided
‖µ‖p = sup
I⊆T
µ(S (I))
|I|p < ∞ or limI⊆T, |I|→0
µ(S (I))
|I|p = 0,
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where for any arc I ⊆ T one sets S (I) = {z = reiθ ∈ D : 1 − |I| ≤ r < 1, eiθ ∈ I}.
Continuing essentially from [29, 2, Chapter 3], [30, 31] and [9, 18, 27], in this pa-
per we study two predualities and three operators associated to the analytic Campanato
spaces. More precisely, in §2 we use §2.1 - the Choquet integrals and quadratic tent
spaces to discover §2.2 - the predual space of CAp and §2.3 - the dual space of CA0,p.
And, in §3 we discuss: §3.1 - when the superposition Sφ is bounded on CAp and CA0,p;
§3.2 - the boundedness of the backward shift Sb on both CAp and CA0,p; §3.3 - the be-
havior of the Schwarzian derivative S( f ) of a univalent function f on D whenever log f ′
is in CAp or CA0,p.
Notation: In this note, we will use X . Y or X & Y to express X ≤ κY or X ≥ κY
for some constant κ > 0. Moreover, X ≈ Y means X . Y and X & Y. In addition,
dm(z) = dxdy stands for two dimensional Lebesgue area measure.
2. Two predualities
2.1. Choquet integrals and tent spaces. The (0, 1] ∋ p-dimensional capacity of E ⊆
∂D is defined by
Λ(∞)p (E) = inf

∞∑
j=1
|I j|p : E ⊆
∞⋃
j=1
I j
 ,
where the infimum is taken over all coverings of E by countable families of open arcs
I j ⊆ T. According to [1], Λ(∞)p is a monotone, countably subadditive set function on the
class of all subsets of T which vanishes on the empty set, and the Choquet integral of a
nonnegative function f on T against Λ(∞)p is defined by∫
T
f dΛ(∞)p =
∫ ∞
0
Λ(∞)p
({ξ ∈ T : f (ξ) > t}) dt.
Following [29, Chapter 4], let
N(ω)(ξ) = sup{ω(z) : |z − ξ| < 1 − |z|2} ∀ ξ ∈ T.
be the nontangential maximal function of ω, and define
‖ω‖LN1(Λp∞) =
∫
T
N(ω)dΛ(∞)p .
Definition 2.1. Let p ∈ (0, 1].
• The space T∞p consists of all Lebesgue measurable functions f on D with
‖ f ‖T∞p = sup
I⊆T
(
|I|−p
∫
T(I)
| f (z)|2(1 − |z|2)dm(z)
) 1
2
< ∞,
where the supremun runs over all open subarcs I of T and
T(E) = {reiθ ∈ D : dist(eiθ,T \ E) > 1 − r}
is the tent over the set E ⊂ T.
• The space T 1p consists of all Lebesgue measurable functions f on D with
‖ f ‖T 1p = infω
(
|I|−p
∫
D
| f (z)|2(ω(z))−1(1 − |z|2)−1dm(z)
) 1
2
< ∞,
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where the above infimun is taken over all nonnegative functions ω on D with
‖ω‖LN1(Λp∞) ≤ 1.
• A function a on D is called a T 1p -atom if there exists a subarc I of T such that a
is supported in the tent T(I) and satisfies∫
T(I)
|a(z)|2(1 − |z|2)−1dm(z) ≤ |I|−p.
Lemma 2.2. Let p ∈ (0, 1].
• If ∞∑
j=1
|| f j||T 1p < ∞, then f =
∞∑
j=1
f j ∈ T 1p with ≤ 2
∞∑
j=1
|| f j||T 1p .
• f ∈ T 1p if and only if there is a sequence of T 1p -atom {a j} and an l1-sequence {λ j}
such that f = ∞∑
j=1
λ ja j. Moreover,
‖ f ‖T 1p ≈ ‖| f ‖|T 1p = inf

∞∑
j=1
|λ j| : f =
∞∑
j=1
λ ja j
 ,
where the infimum is taken over all possible atomic decompositions of f ∈ T 1p .
Consequently, T 1p is a Banach space under the norm ‖| f ‖|T 1p .
• T∞p = [T 1p ]∗ under the pairing < f , g >= 1π
∫
D
f g¯dm.
Proof. This follows easily from a slight modification of [29, Lemma 4.3.1 & Theorem
4.3.2]. 
2.2. First predual. When 1 < p ≤ 3, Duren, Romberg and shierds [13] gave the pred-
ual space of the analytic Lipschitz A p−12 is the Hardy space H 21+p . For p = 1, Fefferman
[14] established the well-known result (H1)∗ = BMOA. For p = 0, (H2)∗ = H2. For
p ∈ (0, 1), note that BMOA ⊂ H2,p ⊂ H2, hence the predual of the analytic Morrey
space should be an analytic function space between the analytic Hardy spaces H2 and
H1. To work out this predual space, we need the following lemma.
Lemma 2.3. [27] For p, η ∈ (0, 2), a > 2−η2 , b > 1+η2 , and a Lebesgue measurablefunction f on D, let
Ta,b f (z) =
∫
D
(1 − |w|2)b−1
|1 − w¯z|a+b f (w)dm(w), z ∈ D.
If | f (z)|2(1 − |z|2)ηdm(z) is a p-Carleson measure, then |Ta,b f (z)|2(1 − |z|2)2a+η−2dm(z) is
also a p-Carleson measure.
Below is a description of the first predual space of the analytic Morrey space.
Theorem 2.4. For p ∈ (0, 1] let BAp be the class of all analytic functions f on D
satisfying f (0) = 0 and
‖ f ‖BAp = inf
ω
(∫
D
| f ′(z)|2(ω(z))−1(1 − |z|2)dm(z)
) 1
2
< ∞,
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where the infimun is taken over all nonnegative functions ω on D with ‖ω‖|LN1(Λp∞) ≤ 1.
Then CAp is isomorphic to the dual of BAp under the pairing
〈 f , g〉 =
∫
T
f (ξ)g¯(ξ) |dξ|
2π
∀ ( f , g) ∈ BAp × CAp.
That is, BA∗p = CAp. Moreover,
‖ f ‖BAp ≈ sup{|〈 f , g〉| : g ∈ CAp & ‖g‖CAp ≤ 1} ∀ f ∈ BAp.
Proof. On the one hand, assume that f ∈ BAp and g ∈ CAp. According to the function-
theoretic characterization of CAp stated in §1 we have
dµ(z) = |g′(z)|2(1 − |z|2)dm(z)
is a p-Carleson measure on D; that is
‖µ‖p = sup
I⊆T
µ(S (I))|I|−P . ‖g‖2CAp .
If ω is a positive function on D satisfying∫
T
N(ω)(ξ)dΛ∞p (ξ) ≤ 1,
then, by the Hardy-Littlewood identity and the Cauchy-Schwarz inequality we obtain∣∣∣∣ 12π
∫
T
f (eiθ)g¯(eiθ)dθ
∣∣∣∣
=
∣∣∣∣ f (0)g¯(0) + 2
π
∫
D
f ′(z)g¯′(z) log 1|z|dm(z)
∣∣∣∣
.
∫
D
| f ′(z)||g′(z)|(1 − |z|2)dm(z)
.
(∫
D
|g′(z)|2ω(z)(1 − |z|2)dm(z)
) 1
2
(∫
D
| f ′(z)|2(ω(z))−1(1 − |z|2)dm(z)
) 1
2
.
(∫
D
(ω(z))dµ(z)
) 1
2
(∫
D
| f ′(z)|2(ω(z))−1(1 − |z|2)dm(z)
) 1
2
. ‖µ‖
1
2
p
(∫
D
| f ′(z)|2(ω(z))−1(1 − |z|2)dm(z)
) 1
2
. ‖g‖CAp
(∫
D
| f ′(z)|2(ω(z))−1(1 − |z|2)dm(z)
) 1
2
Hence,
|〈 f , g〉| . ‖g‖CAp‖ f ‖BAp ,
namely, CAp ⊆ BA∗p.
On the other hand, suppose L ∈ BA∗p. If
D( f )(z) = f ′(z)(1 − |z|2) ∀ z ∈ D,
then D is an isometric map from BAp into T 1p . Since T 1p is a Banach space under ‖| · ‖|T 1p ,
it follows from the Hahn-Banach Theorem and Lemma 2.2 that one can select a function
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h ∈ T∞p such that
L( f ) =
∫
D
f ′(z)(1 − |z|2)¯h(z)dm(z) ∀ f ∈ BAp.
Since ∫
T
N(ω)(ξ)dΛ∞p (ξ) ≤ 1 =⇒ (1 − |z|2)pω(z) . 1 ∀ z ∈ D,
one has∫
D
| f ′(z)|(1 − |z|2)2dm(z) .
∫
D
| f ′(z)|(1 − |z|2)1+pdm(z) .
∫
D
| f ′(z)|(ω(z))−1(1 − |z|2)dm(z)
holds for any ω used in BAp. Thus we utilize the reproducing formula in [24, p.120] or
[34, p.81] to achieve
f ′(z) = 2
π
∫
D
f ′(w)(1 − |w|2)
(1 − w¯z)3 dm(w) ∀ f ∈ BAp,
thereby finding
L( f )
=
1
π
∫
D
f ′(z)(1 − |z|2)¯h(z)dm(z)
=
1
π
∫
D
f ′(w)
(
2
π
∫
D
¯h(z)(1 − |z|2)
(1 − w¯z)3 dm(z)
)
(1 − |w|2)dm(w)
=
1
π
∫
D
f ′(w)g¯′(w)(1 − |w|2)dm(w),
where
g(w) = 2
π
∫ w
0
(∫
D
h(z)(1 − |z|2)
(1 − uz¯)3 dm(z)
)
du.
Note that
g(0) = 0 &
∣∣∣∣ ∫
D
f ′(w)g¯′(w)(1 − |w|2)dm(w)
∣∣∣∣ ≈ ∣∣∣∣ ∫
D
f ′(w)g¯′(w) log( 1|w| )dm(w)
∣∣∣∣.
In terms of the Hardy-Littlewood identity, we get |L( f )| ≈ |〈 f , g〉|. Note also that
dµ(z) = |h(z)|2(1 − |z|2)dm(z)
is a p-Carleson measure on D. So, Lemma 2.3 is employed to derive that
|g′(w)|2(1 − |w|2)dm(z)
is also a p-Carleson measure on D, and then g ∈ CAp. Therefore, BA∗p = CAp. Further-
more, applying a consequence of the Hahn-Banach Extension Theorem (see [11, p.48])
to BAp, we see that if f ∈ BAp is a nonzero then there exists L ∈ BA∗p = CAp such
that
‖L‖ = 1 & ‖ f ‖BAp = L( f ) = 〈 f , g〉.
With the help of the foregoing argument, we can find a function g ∈ CAp such that
‖g‖CAp ≤ 1 & L( f ) = 〈 f , g〉 ∀ f ∈ BAp.
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This clearly implies that
‖ f ‖BAp ≈ sup{|〈 f , g〉| : g ∈ CAp & ‖g‖CAp ≤ 1} ∀ f ∈ BAp.

2.3. Second predual. It is well-known that
[H2]∗∗ = H2;
[VMOA]∗∗ = BMOA;
[A0, p−12 ]
∗∗ = A p−1
2
∀ p ∈ (1, 3).
So, it remains to see whether the above identification can be extended to the analytic
Morrey space. To do so, we need two lemmas.
Lemma 2.5. For (p, r) ∈ (0, 1] × (0, 1) and f ∈ BAp let fr(z) = f (rz). Then
lim
r→1
‖ fr − f ‖BAp = 0 & ‖ fr‖BAp ≤ ‖ f ‖BAp .
Thus the polynomials are dense in BAp.
Proof. Choosing ω(z) = 1 in the definition of BAp, one gets that any bounded analytic
function f with f (0) = 0 must be in BAp and hence fr ∈ BAp for any 0 < r < 1.
Suppose now f ∈ BAp. An application of Poisson’s formula to fr gives
fr(z) = 12π
∫
T
f (zζ) 1 − r
2
|1 − r ¯ζ |2 |dζ |.
Derivating both sides of the above equality with respect to z and using Minkowski’s
inequality, we have
(2.1) | f ′r (z)| ≤
(
1
2π
∫
T
| f ′(zζ)|2 1 − r
2
|1 − r ¯ζ |2 |dζ |
) 1
2
.
For any ǫ > 0, by the definition of BAp, there is a nonnegative ωǫ on D such that(∫
D
| f ′(z)|2(ωǫ(z))−1(1 − |z|2)dm(z)
) 1
2
< ‖ f ‖BAp + ǫ
According to the rotation invariance of ωǫ, one has that for any ζ ∈ T
(2.2)
(∫
D
| f ′(zζ)|2(ωǫ(z))−1(1 − |z|2)dm(z)
) 1
2
< || f ||BAp + ǫ
Using the inequalities (2.1)-(2.2) and Fubini’s theorem, we obtain
‖ fr‖2BAp
≤
∫
D
| f ′r (z)|2(ωǫ(z))−1(1 − |z|2)dm(z)
≤ 1
2π
∫
T
(∫
D
| f ′(zζ)|2(ωǫ(z))−1(1 − |z|2)dm(z)
)
1 − r2
|1 − r ¯ζ |2 |dζ |
≤ 1
2π
∫
T
(|| f ||BAp + ǫ)2
1 − r2
|1 − r ¯ζ |2 |dζ |
= (|| f ||BAp + ǫ)2.
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Letting ǫ → 0 in the above estimates, one obtains ‖ fr‖BAp ≤ ‖ f ‖BAp .
In the sequel we prove lim
r→1
|| fr − f ||BAp = 0. For any 0 < δ < 1, we have∫
D
| f ′r (z) − f ′(z)|2(ω(z))−1(1 − |z|2)dm(z)
=
∫
|z|≤δ
| f ′r (z) − f ′(z)|2(ω(z))−1(1 − |z|2)dm(z)
+
∫
1−δ<|z|≤1
| f ′r (z) − f ′(z)|2(ω(z))−1(1 − |z|2)dm(z)
= Int1 + Int2.
Note that f , fr ∈ BAp. So, for any ǫ > 0 there exists η > 0 such that
1 − η < δ < 1 =⇒ Int2 < ǫ2.
Now, fixing some δ and noticing that fr is uniformly convergent to f on the compact set
{z ∈ C : |z| ≤ δ}, one gains a number λ > 0 such that
1 − λ < r < 1 =⇒ Int1 < ǫ2.
Thus, putting all together gives limr→1 ‖ fr − f ‖BAp = 0. 
A modification of the techniques used in [26] produces the following density result
for CA0,p.
Lemma 2.6. For (p, r) ∈ (0, 1]×(0, 1) let f ∈ CAp with fr(z) = f (rz). Then the following
are equivalent:
• f ∈ CA0,p, i.e., limI⊆T, |I|→0
√
|I|−p
∫
I | f (ξ) − fI |2|dξ| = 0;
• limr→1 || fr − f ||CAp = 0;
• f belongs to the closure of all polynomials in the norm ‖ · ‖CAp;
• For any ǫ > 0 there is a g ∈ CA0,p such that ‖g − f ‖CAp < ǫ.
Proof. It is enough to verify that
f ∈ CA0,p =⇒ lim
r→1
‖ fr − f ‖CAp = 0.
Suppose now f ∈ CA0,p. Then
lim
|a|→1
E( fr − f , a) = 0
holds for any fixed r ∈ (0, 1). Meanwhile,
lim
r→1
sup
|a|≤δ
E( fr − f , a) = 0.
Also, it is not hard to establish
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‖| fr‖|CAp,∗
= sup
a∈D
[E( fr, a)] 12
= sup
a∈D
(1 − |a|2) 1−p2
(∫
D
|( fr)′(z)|2(1 − |σa(z)|)dm(z)
) 1
2
≤ 1
2π
∫
T
sup
a∈D
(1 − |a|2) 1−p2
(∫
D
| f ′(zζ)|2(1 − |σa(z)|)dm(z)
) 1
2 1 − r2
|1 − r ¯ζ |2 |dζ |
≤ [E( f , a)] 12
= ‖| f ‖|CAp,∗.
Summing up, one finds that
lim
r→1
‖| fr − f ‖|CAp,∗ = 0 & lim
r→1
‖ fr − f ‖CAp = 0,
as desired. 
Below is the second preduality for the analytic Morrey space.
Theorem 2.7. Let p ∈ (0, 1]. Then BAp is isomorphic to the dual of CA0,p under the
pairing
〈 f , g〉 =
∫
T
f (ξ)g¯(ξ) |dξ|
2π
∀ ( f , g) ∈ CA0,p × BAp.
That is, [CA0,p]∗ = BAp. Thus [CA0,p]∗∗ = CAp.
Proof. On the one hand, for g ∈ BAp let
Sg( f ) = ¯T f (g) =
∫
T
f (ξ)g¯(ξ) |dξ|
2π
∀ f ∈ CA0,p.
Then Sg is linear. Also
|Sg( f )| . ‖ f ‖CAp‖g‖BAp .
Thus
Sg ∈ [CA0,p]∗ & ‖Sg‖ . ‖g‖BAp .
Conversely, suppose S ∈ [CA0,p]∗. For each n ∈ {0, 1, 2, ...} let
φn(z) = zn ∀ z ∈ D.
Then φn ∈ CA0,p for all n. According to [30, Lemma 1], an elementary calculation
shows
1 ≤ |||φ
n
|||CAp,∗ = sup
a∈D
(1 − |a|2) 1−p2 ‖φn ◦ σa − φn(a)‖H2 ≤ 2,
where σa(z) = a−z1−a¯z . Set
bn = ¯S(φn) ∀ n = 0, 1, 2, ...
Then we see that
|bn| = |S(φn)| ≤ ‖S‖ ‖φ‖CAp . ‖S‖.
10 JIANFEI WANG AND JIE XIAO
It follows that the power series
∞∑
n=0
bnzn has its radius of convergence greater than or equal
to 1. Define
g(z) =
∞∑
n=0
bnzn ∀ z ∈ D.
Then g is analytic in D. For 0 < r < 1, set
gr(z) = g(rz) ∀ z ∈ D.
We are going to show that
(2.3) g ∈ BAp with ‖g‖BAp . ‖S‖
and that
(2.4) S = Sg.
In terms of Lemma 2.5, (2.3) is equivalent to
‖gr‖BAp . ‖S‖ ∀ r ∈ (0, 1).
Theorem 2.4 shows that
‖T f ‖ ≈ ‖ f ‖CAp.
Taking f ∈ BAp and setting f (z) =
∞∑
n=0
anz
n
, one obtains
fr(z) = f (rz) =
∞∑
n=0
anr
nzn ∀ z ∈ D.
Clearly,
n∑
k=0
akz
k =
n∑
k=0
akφk → fr as n →∞
uniformly in ¯D and, hence, in BAp, which, since S ∈ [CA0,p]∗, implies
S(
n∑
k=0
akr
kφk) =
n∑
k=0
ak ¯bkrk → S( fr) as n → ∞.
That is,
(2.5)
∞∑
k=0
ak ¯bkrk = S( fr).
Now (2.5) can be written as
S( fr) = Tgr ( f ).
Using Lemmas 2.5-2.6 we have ‖ fr‖CAp . ‖ f ‖CAp . Thus,
|T f (gr)| = |Tgr ( f )| = |S( fr)| ≤ ‖S‖‖ fr‖CAp . ‖S‖ f ‖CAp .
From Theorem 2.4 it follows that
‖gr‖BAp = sup
f∈CAp\{0}
|T f (gr)|
‖T f ‖
. sup
f∈CAp\{0}
|T f (gr)|
‖ f ‖CAp
.
Therefore,
‖gr‖BAp . ‖S‖.
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However, Lemma 2.5 tells us that
‖g‖BAp . ‖S‖,
which completes the proof of (2.3).
Now, if f ∈ CA0,p, according to Lemma 2.6 and the continuity of S, one has that
S( f ) = lim
r→1
S( fr) = lim
r→1
∞∑
k=0
¯bkakrk.
Hence, the proof of (2.4) is completed. 
As an immediate consequence of the second preduality established above, the follow-
ing covers the corresponding BMOA-result in [7, 8, 25] and Lipα-result in [17].
Corollary 2.8. Let p ∈ [0, 3) and f ∈ CAp. Then
dist( f , CA0,p)CAp = lim|I|→0
(
|I|−p
∫
I
| f − fI |2|dξ|
) 1
2
.
Proof. Let 
X = H2 \ C;
Y = H1;
L =
{
LI : LI = χI |I|−p( f − fI) & ∅ , I ⊆ T is an arc
}
,
where χI is the characteristic function of I and fI = |I|−1
∫
I f (ξ) |dξ|. Now, if
f ∈ CAp;
fn = f ∗ P1− 1
n
∀ n = 1, 2, 3, ...;
Pr(θ) = 1−r2|eiθ−r|2 ,
then an application of the second preduality [CA0,p]∗∗ = CAp (cf. Theorem 2.7) and
Lemma 2.6 gives that CAp and CA0, p satisfy Assumption A of [20, Theorem 2.3], and
hence one has
dist( f , CAp)CAp = lim|I|→0
(
|I|−p
∫
I
| f − fI |2|dξ|
) 1
2
.

3. Three operators
3.1. Superposition. Denote by H(D) the space of analytic functions on D. If X and Y
are two subspaces of H(D) and φ is a complex-valued function C such that φ ◦ f ∈ Y
whenever f ∈ X, we say that φ acts by superposition from X into Y. If X and Y contain
the linear functions, then φ must be an entire function. The superposition Sφ : X → Y
with symbol φ is then defined by Sφ( f ) = φ ◦ f . A basic question is when Sφ map X into
Y continuously? This question has been studied for many distinct pairs (X,Y) - see e.g.
[4, 5, 15, 29]. In this section, we are interested in the analytic Morrey space and its little
one, and have the following result which extends the case of p ∈ (1, 3] in [32].
Theorem 3.1. Let p ∈ [0, 1). Then Sφ is bounded on CAp or CA0,p if and only if
φ(z) = az + b for some a, b ∈ C.
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Proof. Note that (cf. [30, 31]) if p ∈ [0, 2) then
fb(z) = (1 − |b|2) 1+p2 /(1 − ¯bz) =⇒ supb∈D ‖ fb‖CAp,∗ < ∞;
f ∈ CAP ⇒ | f ′(z)| . || f ||CAP
(1−|z|2)
3−p
2
∀ z ∈ D.
Firstly, if Sφ is bounded on CAp, then an application of Lemma 2.6 yields that Sφ is
bounded on CA0,p.
Secondly, if Sφ is bounded on CAp, then for f ∈ CAp one has
|(Sφ( f ))′(z)| = |φ′( f (z))|| f ′(z)| . ‖ f ‖CAp
(1 − |z|2) 3−p2
∀ z ∈ D.
Choosing the following CAp-function
fθ,b(z) = eiθ(1 − |b|2)
1+p
2 /(1 − ¯bz)
in the last inequality, one gets
|φ′( fθ,b(z))|| f ′θ,b(z)| = |φ′( fθ,b(z))|
 |b|(1 − |b|2)
1+p
2
|1 − ¯bz|2
 . ‖ fθ,b‖CAp(1 − |z|2) 3−p2 .
Note that
sup
θ,b
‖ fθ,b‖CAp < ∞.
So there is a positive M independent of (θ, b) such that
sup
θ,b
‖ fθ,b‖CAp ≤ M.
In particular, setting b = z yields
|φ′( fθ,b(b))|| f ′θ,b(b)| = sup
b∈D
|φ′( fb(b))||b| ≤ M =⇒ |φ′(eiθ(1 − |b|2)
p−1
2 )| ≤ M ∀ b ∈ D.
Now letting |b| → 1 in the last estimate and noticing p ∈ [0, 1), we obtain that the entire
function φ is bounded on C. An application of the maximum principle yields that φ must
be a linear function.
Thirdly, if φ(z) = az + b for some a, b ∈ C, then φ′(z) = a, and hence Sφ( f ) = a f + b.
Hence Sφ is bounded on CAp. 
3.2. Backward shift. For a function z 7→ f (z) = ∞∑
n=0
anz
n in CAp, the backward shift
operator Sb f is defined as
Sb( f )(z) = f (z) − f (0)
z
= a1 + a2z + a3z
2 + ....
As well-known, the backward shift operator plays an important role in the general study
of bounded linear operators on Hilbert spaces; see [10]. Moreover, the Hardy space
H p is invariant under Sb; see [12] for p > 1 and [3] for p ∈ (0, 1]. The backward
shift operator for BMOA and Lipschitz spaces have been considered in [33]. Hence, it
remains to handle the action of Sb on the analytic Morrey space CA0<p<1 and its little
one. The following result indicates the behavior of Sb on CAp is particularly good.
Theorem 3.2. Let p ∈ (0, 1). Then Sb is a bounded operator on both CAp and CA0,p.
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Proof. Since the polynomials are dense in CA0,p (cf. Lemma 2.6), it suffices to prove
that boundedness of Sb on CAp. To do so, suppose f ∈ CAp.
The decay of f ′ ensures∫
D
| f ′(z)|(1 − |z|2)dm(z) . ‖ f ‖CAp
∫
D
(1 − |z|2) p−12 dm(z) < ∞.
Hence f ′ is in the weighted Bergman space L1a(D, (1− |z|2)dm(z)) on D. Using the repro-
ducing kernel formula on [24, p.120]:
f ′(z) = 2π−1
∫
D
f ′(w)(1 − |w|2)
(1 − w¯z)3 dm(w) ∀ z ∈ D,
one obtains
Sb( f )(z)
=
∫ 1
0
f ′(tz)dt
= 2π−1
∫
D
f ′(w)(1 − |w|2)
(∫ 1
0
dt
(1 − tw¯z)3
)
dm(w).
Differentiating the above equality with respect to z, one gets
(3.1) (Sb( f ))′(z) = 6π−1
∫
D
(∫ 1
0
tw¯
(1 − tw¯z)4 dt
)
f ′(w)(1 − |w|2)dm(w).
Also, it is not hard to estimate
(3.2)
∣∣∣∣∣∣
∫ 1
0
tw¯
(1 − tw¯z)4 dt
∣∣∣∣∣∣ . 1|1 − w¯z|3 .
A combination of (3.1) and (3.2) yields
|(Sb( f ))′(z)| .
∫
D
| f ′(w)|(1 − |w|2)
|1 − w¯z|3 dm(w).
Note that f ∈ H2,p. So | f ′(z)|2(1 − |z|2)dm(z) is a p-Carleson measure. From the Lemma
2.3 it follows that |(Sb( f ))′(z)|2(1− |z|2)dm(z) is also a p-Carleson measure. It is obvious
that Sb( f ) is analytic on D. Thus,
Sb( f ) ∈ CAp with ‖Sb( f )‖CAp . ‖ f ‖CAp .

3.3. Schwarzian derivative. Let f be a conformal mapping from D into a simply con-
nected domain in C. We say that f (D) is a X domain whenever log f ′ belongs to an
analytic function space X on D.
Recall that B is the Bloch space of all analytic functions f in D with
sup
z∈D
(1 − |z|2)| f ′(z)| < ∞
and B0 is the little Bloch space consisting of all functions f ∈ B with
lim
|z|→1
(1 − |z|2)| f ′(z)| = 0.
Pommerenke [22] proved that f ∈ B if and only if there is a constant a ∈ C and a
univalent function f such that g = a log f ′. So, it is interesting to characterize such a
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univalent f that log f ′ ∈ X and then to establish whether this condition implies some
nice geometric properties of the image domain f (D). To be more precise, recall that the
Schwarzian derivative of a univalent (analytic) function f on D is defined by
S( f ) =
( f ′′
f ′
)′
− 1
2
( f ′′
f ′
)2
.
This fully nonlinear operator plays an important role in geometric function theory, con-
formal field theory, differential equations and others. Interestingly, if f is univalent on
D, then
| f ′′(z)/ f ′(z)|(1 − |z|2) ≤ 6 & (1 − |z|2)2|S( f )(z)| ≤ 6 ∀ z ∈ D.
Conversely, if
| f ′′(z)/ f ′(z)|(1 − |z|2) ≤ 1 or (1 − |z|2)2|S( f )(z)| ≤ 2 ∀ z ∈ D,
then f is univalent on D, for more details see [23]. Moreover, S( f ) vanishes identically
if and only if f is a Mo¨bius mapping. Recently, there have been some results linking the
Schwarzian derivative of a univalent analytic function to the characterizion of some an-
alytic function spaces. According to Astala-Zinsmeister [6] and Pe´rez-Gonza´lez-Ra¨ttya¨
[21], one haslog f
′ ∈ BMOA ⇔ |S( f )(z)|2(1 − |z|2)3dm(z) is a bounded Carleson measure on D;
log f ′ ∈ VMOA ⇔ |S( f )(z)|2(1 − |z|2)3dm(z) is a vanishing Carleson measure on D.
Further, Qp-domains and even more general F(p, q, s)-domains were studied in [16, 19,
29, 35]. The above review actually leads to a consideration of the case of analytic Cam-
panato spaces.
Theorem 3.3. Let f be a univalent function in D.
• Case p ∈ (0, 1): if log f ′ ∈ CAp (log f ′ ∈ CA0,p) then |S( f )(z)|2(1 − |z|2)3dm(z)
is a bounded (vanishing) p-Carleson measure and log f ′ ∈ B. Conversely,
if |S( f )(z)|2(1 − |z|2)3dm(z) is a bounded (vanishing) p-Carleson measure and
log f ′ ∈ B0, then log f ′ ∈ CAp (log f ′ ∈ CA0,p).
• Case p ∈ (1, 3): log f ′ ∈ CAp (log f ′ ∈ CA0,p) if and only if |S( f )(z)|2(1 −
|z|2)3dm(z) is a bounded (vanishing) p-Carleson measure and log f ′ ∈ B0.
Proof. It is enough to verify boundedness.
Under p ∈ (0, 1), we make the following consideration. For simplicity, let
P( f )(z) = (log f ′(z))′ = f
′′(z)
f ′(z) .
Then
S( f )(z) = (P( f ))′(z) − 1
2
(P( f )(z))2.
Note that log f ′ ∈ CAp and |P( f )(z)|2(1 − |z|2)dm(z) is a p-Carleson measure if and only
if |(P( f ))′(z)|2(1−|z|2)3dm(z) is a p-Carleson measure. So, applying the Cauchy-Schwarz
inequality, one obtains
|S( f )(z)|2 ≤ 2|(P( f ))′(z)|2 + |P( f )(z)|4 . |(P( f ))′(z)|2 + |P( f )(z)|4.
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Using Pommerenke’s result in [22], one always has log f ′ ∈ B, that is
sup
z∈D
|P( f )(z)|(1 − |z|2) = sup
z∈D
|(log f ′(z))′|(1 − |z|2) < ∞.
This in turns implies that
|S( f )(z)|2(1 − |z|2)3 . |(P( f ))′(z)|2(1 − |z|2)3 + |P( f )(z)|2(1 − |z|2),
thereby giving that |S( f )(z)|2(1 − |z|2)3dm(z) is a bounded p-Carleson measure.
For the converse part, set
Ia =
∫
D
|(P( f ))′(z)|2(1 − |z|2)3|σ′a(z)|pdm(z).
Note that
S( f )(z) = (P( f ))′(z) − 1
2
(P( f )(z))2.
So
(3.3) Ia ≤
∫
D
(
2|S( f )(z)|2(1 − |z|2)3| + 1
2
|P( f )(z)|4(1 − |z|2)3
)
|σ′a(z)|pdm(z).
If log f ′ ∈ B0, then for any ǫ > 0, there exsits 0 < rǫ < 1 such that
|P( f )(z)|(1 − |z|2) < ǫ as |z| > rǫ .
Hence, there exsists some κ > 0 depending only on p such that∫
|z|>rǫ
|P( f )(z)|4(1 − |z|2)3|σ′a(z)|pdm(z)
≤ ǫ2
∫
D
|P( f )(z)|2(1 − |z|2)|σ′a(z)|pdm(z)
≤ ǫ2κ
∫
D
|(P)( f ))′(z)|2(1 − |z|2)3|σ′a(z)|pdm(z)
= ǫ2κIa.
At the same time, note that
|P( f )(z)|(1 − |z|2) ≤ 6 & (1 − |z|2)|σ′a(z)| = 1 − |σa(z)|2.
So one obtains ∫
|z|≤rǫ
|P( f )(z)|4(1 − |z|2)3|σ′a(z)|pdm(z)
≤ 64
∫
|z|≤rǫ
(1 − |z|2)−1|σ′a(z)|pdm(z)
≤ 64
∫
|z|≤rǫ
(1 − |z|2)−1−p(1 − |σa(z)|2)pdm(z)
≤ 6
4
(1 − r2ǫ )1+p
.
Hence
(3.4)
∫
D
|P( f )(z)|4(1 − |z|2)3|σ′a(z)|pdm(z) ≤ ǫ2κIa +
64
(1 − r2ǫ )1+p
.
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Upon choosing 0 < ǫ to be so small that ǫ <
√
2/κ, one gets from (3.3) and (3.4) that
(2 − ǫ2κ)Ia ≤ 4
∫
D
|S( f )(z)|2(1 − |z|2)3|σ′a(z)|pdm(z) +
64
(1 − r2ǫ )1+p
.
Since |S( f )(z)|2(1 − |z|2)3dm(z) is a bounded p-Carleson measure and 2 − ǫ2κ > 0, it
follows that
sup
a∈D
∫
D
|(P( f ))′(z)|2(1 − |z|2)3|σ′a(z)|pdm(z) < ∞.
Hence |(P( f ))′(z)|2(1 − |z|2)3dm(z) is a bounded p-Carleson measure. Consequently,
log f ′ ∈ CAp.
Under p ∈ (1, 3), one has that CAp is equal to A p−1
2
comprising all analytic functions
on D with
sup
z∈D
(1 − |z|2) 3−p2 | f ′(z)| < ∞.
Hence CAp ⊂ B0. Therefore, the argument for the case p ∈ (0, 1) can be utilized to
complete the proof of the case p ∈ (1, 3). 
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